This note brings a complement to the study of genericity of functions which are nowhere analytic mainly in a measure-theoretic sense.
Introduction
In what follows, 
This space is a Fréchet space. If f is a C ∞ function on an open interval containing x 0 , its Taylor series at x 0 is denoted by
We say that f is analytic at x 0 if T (f, x 0 ) converges to f on an open neighbourhood of x 0 ; if this is not the case, we say that f has a singularity at x 0 . A function with a singularity at each point of an interval is called nowhere analytic on the interval. In case of a closed interval [a, b] , the convergence of the Taylor series T (f, a) and T (f, b) is only considered on the restriction to [a, b] . If f has a singularity at x 0 , then either the radius of convergence of the series is 0 (i.e. the series only converges at x 0 ), or the series converges in some neighbourhood of x 0 but the limit does not represent f , as small as one takes the neighbourhood of x 0 . Following [B4, R1] , we say that x 0 is a Pringsheim singularity if the radius of convergence at x 0 is 0 and a Cauchy singularity in the other case.
In [R3] , Rudin gives explicit examples of functions with a Pringsheim singularity at each point. In [SZ] , the authors obtain the property that the set of functions in C ∞ ([0, 1]) with a Pringsheim singularity at each point of Another notion of "genericity" has also been introduced in order to generalize the concept of "almost everywhere" for Lebesgue measure to infinite dimensional spaces. Following Hunt, Sauer and Yorke ( [HSY] ), a Borel set B in a complete metric linear space E is said to be shy if there exists a Borel probability measure µ on E with compact support such that µ(B + x) = 0 for any x ∈ E (it is also known that the property on the support is auto-matically satisfied if E is separable). More generally, any set is called shy if it is contained in a shy Borel set. A set is prevalent if it is the complement of a shy set and a prevalent property is a property which holds on a prevalent set.
In this short note, we show (section 2) that the set of nowhere analytic functions is prevalent. This result is already mentioned in [S] but in [S] , one of the arguments is the fact that the set We also examine (section 3) the set of functions which are "nowhere Gevrey differentiable", using the classical definition of Gevrey classes (see the definition in the concerned section). In this case, we also obtain generic results, both in the topological and in the prevalence points of view. Since analytic functions are a particular class of Gevrey type functions, these results generalize those obtained in the analytic case. However, we kept separated sections since analytic functions are somehow more classical than Gevrey-type ones and since the result of section 2 directly brings a complement to an already mentioned one in the literature.
Genericity in the prevalent sense
Let us first introduce a sufficient condition for a subset to be prevalent. Let P be a finite dimensional subspace of the topological vector space E. If f : R n → P is a topological isomorphism, the measure L P defined by
for any Borel set B of E and where L denotes the Lebesgue measure on R n , is called a Lebesgue measure on E supported by P . Using this definition, a finite dimensional subspace P ⊂ E is a probe for a subset T of E if there exists a Borel set B which contains the complement of T in E and such that
for any e ∈ E. A sufficient condition for T to be prevalent is to have a probe for it.
Using this condition, it is straightforward to prove the following (which simply means that a proper linear space which is a Borel set is always shy).
Remark 2.1. If A is a non-empty Borel subset of E such that the complement of A is a linear subspace of E, then A is prevalent.
Proof. A probe is given by the linear span of any element a of A. Indeed, since B = E \ A is linear, for every e ∈ E, the set {α ∈ R : αa + e ∈ B} contains only one element, so has Lebesgue measure 0. 2 Proposition 2.2. The set of nowhere analytic functions on
Proof. For any closed subinterval I of [0, 1] and x I the center point of I, let A(I, x I ) be the set given by (1). Since a function which is analytic at a point is analytic in a neighbourhood of this point, the set of nowhere analytic functions is the complement of the union of all A(I, x I ) over rational subintervals I ⊂ [0, 1]. Any countable union of shy sets is shy ( [HSY] ) and therefore, it is enough to prove that every A(I, x I ) is shy. Since A(I, x I ) is a proper linear subspace of C ∞ ([0, 1]), using the remark 2.1, this will be done if we show that it is a Borel set.
For any j, n ∈ N, let
where
The definition of the topology of C ∞ ([0, 1]) and the fact that only a finite number of derivatives are involved directly imply that F n,j is closed in
Using typical properties of power series, the convergence of T (f, x I ) on I is equivalent to uniform convergence on I. Hence A(I, x I ) = n∈N k∈N j≥k F n,j , which shows that A(I, x I ) is a countable intersection of a countable union of closed sets, so a Borel set. 2
About Gevrey classes
Following [CC, R2] , for a real number s > 0 and an open subset Ω of R, an infinitely differentiable function f in Ω is said to be Gevrey differentiable of order s at x 0 ∈ Ω if there exist a compact neighbourhood I of x 0 and constants C, h > 0 such that
It is clear that if a function is Gevrey differentiable of order s at x 0 , it is also Gevrey differentiable of any order s > s at x 0 . Remark also that the case s = 1 corresponds to analyticity.
Let us give an example of an element f of C ∞ (R) such that, for any x 0 ∈ R and any s > 0, f is not Gevrey differentiable of order s at x 0 .
Lemma 3.1. Let λ k , k ∈ N, be a sequence of strictly positive numbers such that
and let f be the function defined on R by
This function belongs to the class C ∞ (R) and it is not Gevrey of order s at x 0 , for any x 0 ∈ R and s > 0.
Proof. Let us first remark that such a sequence can be easily constructed (using a recurrence procedure). Now, for every n, k ∈ N, we have c k λ
is uniformly and absolutely convergent on R. Thus f ∈ C ∞ (R).
On the other hand, for every n ∈ N, n ≥ 2 and x ∈ R, we have
Then, given strictly positive s, C, h, we have
for n large enough. So we are done. We are going to use the same arguments as in the analytic case to prove the following result. 
B(s, I)
where I denotes a rational subinterval of [0, 1] and
Hence, since in a complete metric space countable union of shy sets is shy ( [HSY] ), the result will be proved if we show that every B(s, I) is shy. 
Now, let us show that the generic result also holds in the topological sense. 
